humiliation that a few weeks later at a party at our house, he easily beat me in a hundred yard dash to which he had-characteristically-challenged me. But to return to my "reporting to work". I approached this interview with some nervousness, because in the few weeks which I had spent at Princeton before it took place, the whole mysterious world of pure mathematics had burst upon me and all I wanted to do was explore it. In no way did I want to write the book.
Well, after five minutes with Marston all my uneasiness had vanished. First of all I found that I really did not have to say very much! I think it is a fair statement that in all conversations with Marston, one only had to do twenty percent of the talking. His energy was such that it just naturally took over. He immediately dismissed my fears of having to write a book. It was a matter of course to him that at the Institute a young man should only do what he wanted to do; that this was the place where a young man should find himself, and the last place in the world for performing a chore. And once this technical part of our interview was over he immediately, again characteristically I think, started to speak about the subject that absorbed his interest at the time. Actually, in 1949 this subject had nothing to do with critical point theory. Rather, he was deeply involved in his work with Transue, on functions of bounded variations. In any case, I remember leaving this interview with a light heart, newly liberated and buoyed by the energy and optimism I had just encountered. I was also elated by the directness of Marston's manner. There was not the slightest condescension in it. Although he dominated-I expect-all encounters, he treated everyone as an equal, with complete honesty, and in personal matters he showed great kindness and generosity.
Mathematically, Marston and I did not communicate too well, and I don't think we could have collaborated. I also recall really only one private lecture on critical point theory from him. His primary interests were elsewhere at the time. But on the personal side we got on right from the start, even though we often disagreed.
Marston loved music and played the piano beautifully and effortlessly. He was devoted to Bach and very knowledgeable about all aspects of music, and so music was our first and quite natural bond. But beyond that and quite apart from certain affinities of taste, I think I immediately sensed and revered his spiritual nature. Marston was a deeply reUgious man, yet I never heard him "preach". One was conscious of this aspect of his life only indirectly and quite marvelously. His daughter-in-law, Terry Morse, put it better than I every could.
"His personality had a light and a force which was very spiritual and mysterious. I think it was because he welcomed the ultimate mystery of life, embraced it, and took great joy in it, that we always came away from being with him feeling a heightened sense of awareness of the beauty and the possibilities in life," she wrote to Louise Morse after his death.
And then, there was his wonderful wife Louise, to whom we-indeed all of us new green Ph.D.'s-were immediately drawn, and who was such a natural complement to Marston. The Morses took their stewardship of the mathematical community very seriously and it was to them we turned in times of 'The intensity of his devotion to scholarship was coupled with uncompromising standards of rigor imposed both on himself and his collaborators. Working with him was a very intense experience." "Our collaborative work was proposed by Marston who wanted to bring critical point theory to bear on the theory of harmonic functions and analytic functions, or, more generally, the pseudoharmonic functions and light interior transformations. The physical circumstances of the collaboration may appear surprising but exemplify some of the things said above about Marston's temperament. At the tme he was in Washington as a scientific consultant to the then War Department, Office Chief of Ordnance. I was a P-4 mathematician working with him and W. R. Transue. After the normal work day Marston and I worked on the joint papers from 7 to 11, Monday through Thursday. He wrote drafts of the work on the weekends back in Princeton..." I quote next from William Transue 9 s reminiscences: "In the fall of 1942 I went to the Institute as Marston's assistant. I was a fresh Ph.D., with dissertation on subharmonic functions, but with no set direction except for the broad field of analysis. At that time Marston had the idea of applying topological methods to obtain information on the 3-body problem, and he set me to work reading F. R. Moulton's Celestial mechanics and a paper of G. D. Birkhoff in this area. However, Marston was at this time a consultant to the Office of the Chief of Ordnance and spent more and more time in Washington. In the spring of 1943 I moved to Washington and all of my attention and most of his was devoted to military problems. These were "applied" mathematics of the dirtiest sort, applied to whatever difficulties the Ordnance Department was encountering, but came to center principally on the area known as terminal ballistics-the study of the destructive effects of bombs and shells. The mathematics involved were usually of the most elementary sort, generally numerical integrations, and we were delighted when we could bring in something as sophisticated as the icosahedron. This was before the day of the computer, and our computations were done by a small staff using keyboard machines to add and subtract, multiply and divide. Programming computations for such a staff was roughly equivalent to programming a present-day computer. Marston's capacity for sheer hard, and usually dull, work on these problems was unbelievable. After the offices were closed in the evening we would go on for a couple of hours. I remember particularly one set of data on land mine explosions which seemed to make no good sense. The rest of us were ready to give up, but Marston returned to the attack again and again, determined to beat some kind of order into the data, and we did finally put out some kind of analysis."
"Several years later we undertook the study of integral representation of bilinear functionals and allied topics which continued for some years. I spent one full year at the Institute and many summers with him at various places-Princeton, Cape Cod, Maine. Working with Marston (for me at least) meant being completely taken over, spending almost all waking hours with him, talking mathematics all day, including during many meals taken with the Morse household, and continuing late into the evening. He was a real bear for work. In Princeton we usually worked in his bedroom (Richard Arens once remarked that he couldn't concentrate with someone else's pants hanging in the closet!), and in Maine sometimes in the car. Louise was always extremely good about finding him a quiet place to work, but with the number of children about, this was not always easy. For his part, he was a very considerate husband and father, and the Morse household, which I got to know pretty intimately, was a very happy and harmonious one." "The stamp of his Maine upbringing was pretty heavy on him, and he retained not only the industry, but the frugality which characterizes the Maine citizen. Although he gave his money generously, he spent it carefully. He was equally generous with his time. I recall one evening in Princeton, when Louise and the children were out of town and we were doing our own cooking. In the midst of warming our soup, the telephone rang and a reporter from Time magazine wanted Marston to explain the theory of relativity. Well, he did! He could never refuse to teach anyone. "A year or two after his retirement, in a conversation, Morse outlined to me the problems he hoped to solve, if only he could live twenty years more and keep on doing research. It has been gratifying to see a substantial part of his hope fulfilled and to collaborate with him in its implementation." "Essential to the remarkable prolongation of his long and brilliant career was the devoted care and sympathetic understanding of Mrs. Morse. She was the mistress of their home, the mother of their five children and a charming hostess to countless colleagues and friends. Also, with tender skill, she helped conserve her husband's health in his advancing years." "Besides Mrs. Morse and their children Julia, William, Elizabeth, Peter and Louise there survives one of the two offspring of an earlier marriage, Dr. Dryden Morse. Meroë, his eldest daughter, died in 1969." "Morse's cultural interests extended far beyond the boundaries of his profession. Music, in particular, was a lifelong avocation. He played the piano with consummate skill and sensitivity. His repertory of classical music was large and was increasing up to the end ...." "Science, philosophy, religion and the arts were objects of Morse's inquiring mind. He recognized the fundamental unity of creativity in all these areas. A stimulating treatment of this subject is to be found in his paper, Mathematics and the Arts, Bulletin of the Atomic Scientists 9 (1959), 55-59, based on his lecture at Kenyon College in 1949, during a conference honoring Robert Frost " A moment I will always cherish occurred upon Marston's return from his lecture at Kenyon. He met me as he came bounding up the stairs to our third floor, and immediately took me into his office to tell me what a marvelous speech he had given: "The speaker before me had a terrible voice," he remarked, "And really didn't have much to say, so when I finished, I brought the house down."
And of course he is quite right; his essay is a masterpiece, and had indeed brought the house down.-There was no modesty in Marston; he told it as he saw it.
His life was gentle, and the elements So mixed in him that nature might stand up And say to all the world, "This was a man".
The works of Marston Morse.
It would be impossible to comment in detail on the bulk of Morse's work. His bibliography has 180 entries, and includes seven books. Rather, I have selected eight topics which played a central role at various stages of his career and I will attempt to explain some aspects of each of these in detail.
Morse had many collaborators, and I have therefore included the names of his principal collaborators in the various subjects as well as a rough indication of the time when this work was done in the following list of the topics.
(3) Dynamics, geodesic flow (Hedlund, (1917 (Hedlund, ( -1940 [3] .
In 1944, Hedlund and Morse collaborated on a paper [60] where this same construction solves a problem in unending chess and in the theory of semigroups. This "Morse trajectory" also occurs in Novikov's disproof of the Frobenius-Burnside conjecture [Nl] To every such "completely extended'' geodesic Morse now assigns an object which nowadays we might call an infinite word in the generators of the fundamental group TT X (S). Morse's strategy for doing this is to introduce geodesic segments h l9 h 2 as indicated above. Cut along these and S becomes simply connected. Now any geodesic g must cut these segments transversally at all points of intersection, and using this fact Morse assigns to g a sequence of symbols
indexed by the integers, with each C ranging over the set g x , g 2 g x l , g?, with the understanding that a g t is never followed by a g/" 1 and a gj x is never followed by a g,. Morse calls such a sequence a Normal set and shows that modulo translation the Normal set gives a one-to-one representation of the geodesies entirely on S.
A slightly different, but quite equivalent description of the geodesic flow on S had already been given by Morse in [2] , but this normal set representation is the most useful for the purposes of this paper.
In modern language, this representation can be thought of this way: We first interpret the symbols g x and g 2 as generators of ir x (S; P), the fundamental group of S based at P; thus think of g x as shorthand for the loop Af 1 ° S\ ° hv etc -Then, once a starting point has been selected, g gives rise to a nested sequence of geodesic segments with endpoints on h x and h 2 , and thus to elements in ir x (S l ; P). These now have unique representations in the g, and so result in the unending normal sequence in question. I say in modern language, because in the papers under discussion one never encounters terms such as: Manifold, covering space, universal covering, group, or fundamental group, Euler Characteristic, etc. All these concepts were of course profoundly understood by the author and his contemporaries, but they do not seem to have crystallized into words at that time. Of course Morse had, in any case, an aversion to using technical terms which he did not coin himself.
But to return to the paper on recurrent geodesies, let me say one word of explanation about the inverse problem of constructing a geodesic g from a given normal sequence.
The proof of this fact depends on the following fundamental result of Hadamard: "Given a curve c(t), 0 < t < 1, on S there is one and only one geodesic joining the endpoints of c on S, which is homotopic to c (with end points fixed). Furthermore this geodesic is of minimal length in its homotopy class". At this point the negative curvature of course enters vitally; this result is patently incorrect, say on the sphere.
The THEOREM. Every geodesic wholly on S is the limit of closed geodesies.
DEFINITION. A set R of geodesies wholly on S is called minimal if every element of R has every other element of R but no other geodesic as a Umit geodesic.
Thus a closed geodesic is the simplest example of a minimal set. On the other hand Morse shows that THEOREM. Every minimal set other than a closed geodesic has the power of the continuum.
And he then goes on to construct a nontrivial minimal set. By the way, he defines a geodesic to be recurrent if it is a member of such a minimal set. Thus in this terminology he constructs a recurrent geodesic which is not closed.
His method is of course to translate all these concepts into combinatorial form first, and then to construct a normal sequence with the desired combinatorial properties. The pertinent definitions are as follows.
A sequence A final explicit result of the paper under discussion is the following.
THEOREM. On a surface S of genus > 2 of the type we are considering, every geodesic wholly on S is the limit of a recurrent but not periodic geodesic. Morse proves that a motion is topologically transitive provided it satisfies a uniform instability 2 criterion, which he informally describes as follows: "... it may be roughly regarded as the hypothesis that the first conjugate point of any point p on M be beyond the point at oo ... ". More precisely it is a hypothesis which ensures that neighboring geodesies diverge in a uniform manner. Technically it means the following: Suppose that g: R-» M is any geodesic parametrized by arc length and that w(x) is any solution of the Jacobi equations along g (c) The function A is independent of g. In particular then, this hypothesis is fulfilled on all surfaces of negative curvature and can also hold on surfaces having regions of positive curvature.
Instability and transitivity. On a Riemann manifold
The methods of this paper depend heavily on the paper [4] of 1924, which in turn explores the ideas we encountered in the Morse Trajectory paper, but now in the context of closed surfaces of genus > 1. On an arbitrary such surface one of course cannot expect a purely combinatorial description of all geodesies. On the other hand Morse shows that certain geodesics-which he calls of class A -behave very much like the geodesies in the constant negative curvature case.
A geodesic g is of class A if any segment of g, i.e. g\[a, b\ minimizes the distance between its endpoints, amongst curves in its homotopy class.
To every such geodesic g on M Morse assigns a geodesic g* in the constant curvature model of M by the following strategem.
Because the genus of M is > 1, its universal cover M can be identified with the unit disc \z\ < 1 in the complex plane. Thus we may think of M as this disc in some Riemann structure which is invariant under the action of ir^M) acting as a subgroup of SL(2, R) on \z\ < 1. Now then every g on M lifts to a curve g on A/, and Morse shows that there is at least one non-Euclidean straight line g* on \z\ < 1, such that g is in a finite neighborhood of g* and vice versa. Further he shows that this correspondence is one-to-one under the hypothesis of uniform instability.
The ideas and insights of these papers are clearly precursors of the great new developments in this field in the 60's, due in large part to Anosov, Arnold, Sinai, Smale and others. In particular the condition of uniform instability is a precursor of the notion of an Anosov flow. See The method of proof which led Morse to the result is the one we still use today, and it naturally falls into two quite distinct parts. Part 1 is purely geometric, and is essentially based on the principle of deforming M along the directions of steepest descent for/. These arguments culminate in the following two theorems. The next result on the other hand, really goes to the heart of the matter of what happens to M t as t passes a critical value. To explain it in contemporary language let me remind the reader of the concept of attaching a thickened cell to a manifold. The underlying geometric idea is best gleaned from the following diagram X XUY FIGURE 2 where we have attached the "thickened 1-cell Y" to X. Here X = {(x,y)\ \x\ > 1}; Y is the square 7x7, given by \x\ < 1, \y\ < 1, and the terminology arises from the fact that homotopically X u Yis quite equivalent to the space FIGURE 3 where I is the interval |x| < 1 on the Z-axis. Thus as far as the glueing of part of the boundary of Y into the boundary of X, the two factors of Y play quite distinct roles, i.e. the second one just plays the role of a "thickening". Quite generally one now says that X' is obtained from X by attaching a thickened £-cell, if X' is obtained from the disjoint union This follows from the great symmetry of the sphere. Indeed, every geodesic on S n must lie in the two-plane spanned by its initial point and direction, and so is simply an arc along a great circle S n . Furthermore, as the curvature of S"* is 1, the Jacobi equations simply take the form Morse did not seem to attach particular interest to this computation except insofar as it enabled him to prove the theorem I already mentioned in the introduction. That is: For any Riemann structure on S n , "there must be an 2 ) of generic points-i.e. for which the energy function is nondegenerate. For these the Morse inequalities clearly imply the existence of geodesies { g n ) with index tending to oo, and as nondegenerate critical points are isolated, with length also tending to oo. Morse then argues by continuity to establish that a sequence {g n } with index and length tending to oo exists in the limiting case also.
The second point to be added is now the beautiful index-theorem of Morse which in the present context is given by
The index of an extremal s in the fixed endpoint problem is equal to the number of conjugate points of one endpoint in the interior of s.
Thus if the index of g n tends to infinity so do the number of conjugate points of one endpoint in the interior of g". With the aid of this result the path to the corollary under discussion should now be clear.
Note that this index theorem also enables one to read off the index formula (4.42) from Figure 5 : The index of s x is equal to (n -1) times the number of p points on it.
For a general symmetric space there is, by the way, a completely analogous description of the geodesies joining two points. Again they correspond to segments joining the origin to a lattice-this time in R* where k is the rank of the space, and the index of a segment s can be read off from the number of times s pierces a certain family of hyperplanes. See [B8].
This index theorem fits, properly speaking, into a natural extension of the classical Sturm theory for the differential equation -(*" + qx) = AJC (4.45) and coming at it from the calculus of variations as he did led Morse to redo the classical theory as well as extend it in a variety of ways along quite new lines.
A thorough account of this work is to be found in his book [V.
A.] called Variational Analysis.
The point is that in all properly posed variational problems there is some type of index theorem; however for some boundary conditions the answer is more difficult and less satisfying. Let me illustrate. If we consider the / of our discussion on the space Q(p, N) of paths starting on a submanifold N and ending at a point p, then the index theorem in this context becomes what Morse calls the focal-point theorem:
The
index of an extremal s is equal to the number of focal points ofN in the interior of s.
The following figure illustrates this theorem clearly FIGURE 7 Here the underlying manifold is the plane and N is the unit circle, while p is taken as a point not on the circle. The extremals of / on Q(N,p) are geodesic segments starting perpendicularly on N and joining AT to p. Here they are therefore given by the two straight lines ^0 and s x joining q and q' to P. The only focal point of N is the center of the circle and it has multiplicity 1. Thus index s x = 1. Note that the same picture is valid for the w-space in R" but that then s x would have index (n -1) corresponding to the fact that the origin is a focal point of multiplicity {n -1).
However, for more complicated situations, for instance when we deal with two end manifolds N x and N 2 both of dimensions greater than 0, or with periodic boundary conditions
ii(l) = 0(0), (4.46) the index of an extremal cannot be read off so simply from the behavior of the solutions to the Jacobi equation along the extremal.
This whole subject is still of great interest and has been taken up by a variety of authors (see [K] ). Basic in all of them is however Morse's insight that this index has a topological meaning which can be computed by an intersection-number.
REMARKS. Inadequate as the previous account of what one might call the concrete "Morse Theory" is, it will have to do in the present context. It is meant more as an excursion into his work; and to a certain extent as a biased excursion into that part of the theory which I fell in love with thirty years ago. It is also the part of the theory which has had the most direct bearing on homotopy theory. My first remark is therefore devoted to this connection.
(1) The space £2 of paths joining two points on M is nowadays called the Loop Space of S and denoted by QM. Its homotopy type is independent of the points chosen (as was already shown by Morse), and it plays a vital role in all of homotopy theory. In fact it appeared right away in the first papers of Hurewitz on the higher homotopy groups through its characteristic property This is the "Freudenthal stability theorem" for the homotopy of the spheres. In the later fifties I finally realized that what Morse had done for the spheres worked even more smoothly for the compact groups and some of their homogeneous spaces. For instance, if U n is the nth Unitary group, the correct analogue of (4.48) is given by two formulas QU 2n = U 2n /U n XU n U a e x u a e 2 ... 9 dime,. > », ®U 2n /U n X U n -U n U" e x U e 2 U ..., dime,-> n.
Combined with the known fact that ir k (U n ) is also "stable" in the sense that it does not depend on n for n large compared to k, these relations immediately lead to the periodicity ir k {U) = ir k+2 (U) with ir k (U) the stable value of Morse's sheer power is however best exhibited in his attack on the closed geodesies problem. These closed geodesies can be thought of as extremals of our J considered on the space of all piecewise smooth paths T subject to w(0) = w(l). However for this problem there is no "nondegenerate case" for, with a given w, all its translates are also critical. Thus in the "most nondegenerate situation" one can hope for one still has to deal with critical sets of circles. Furthermore each genuine geometric closed geodesic gives rise to an infinite number of such critical circles corresponding to the number of times one circumnavigates it. Thus it is hard to estimate the number of closed geodesies on S n say, in terms of the topology of TS n . Still one can, in this manner, easily deduce that there is at least one nontrivial closed geodesic on S n in any Riemann structure. On the other hand Morse was shooting for more, and so, to my knowledge, he never bothered to compute the homology of TS n . Rather, he felt that because / was naturally invariant under translations, the correct space on which J was to be considered was in some sense the quotient of TS n by the action of S l on T, given by «(*)-» u{x + 0), 0 < 0 < 1.
Thus he made polygonal approximations to AS" 1 , divided them by the appropriate cyclic group actions and then attempted to pass to the direct limit (!) in homology. The Betti-numbers he obtained that way he called the "circular connectivities of S n ", and they were supposed to play the same role vis-à-vis the closed extremal problem which the Betti numbers of ÜM play vis-à-vis the fixed endpoint problem.
Unfortunately an error crept into this computation-an error, which by the way, I fell into myself in my paper [B4] In the figure which follows I have drawn a homeomorph of M = S l in the plane, and I will be studying the height function F = y on M. H(a,a-)XH(b,a-) 9 b > a, Case II. u is not linkable. In this case consider du G H(a~) and let t(u) be the greatest lower bound of b's such that du is in the image of
T 2 -tt
Then set .sptfw u = 0 -f(w).
In our example X is the only nonlinkable cap, and its span is now clearly again the number A.
With these definitions understood Morse sets mj* equal to the number of k-caps of span > e and proves that under very general conditions these numbers will be finite for every e > 0, and then obey the Morse inequalities.
For instance, in our example this amounts to ml > 1 and ml = wf-for all e > 0. And indeed, for 0 < e < A we have ml = 2, m\ = 2, while for e > A, Our example is of course a very tame one; however, it should be clear that as one complicates it-for instance by introducing an infinite number of critical values clustering at some point, that as long as some sort of continuity is preserved, the number of k-caps of span > e > 0 will be finite. On the other hand one then also sees that the Vietoris or Cech theory is the correct one in this framework.
Minimal surfaces.
Marston Morse had developed the abstract setting of the variational theory which we just described in large part because he hoped to make it applicable to minimal surface theory and other variational problems. Unfortunately however a direct extension of the Morse Theory just does not work for variational problems in more than one variable. That is, if in analogy to the preceding discussion one attempts to study the area function, or its "energy", on the space OE 2 (M) of piecewise smooth maps of a disc into a Riemann manifold M then the Morse theory will not work. In the context of the Palais-Smale theory [P], one understands this phenomenon in terms of the Sobolev inequalities, which show that the conditions on a map JU, in Q 2 (M) *° have finite area are far from forcing /i to be continuous. Thus, roughly, the space of continuous maps-which carries the topology-is too sparse in the space of admissible maps for a proper Morse theory to exist. Morse and Tompkins cite an explicit g with this property and so achieve their result.
In their other papers they explore this framework of questions in various directions, increasing the number of bounding circles, etc.
The paper [45] is by Morse alone, and is essentially analytic in character. There he gives an explicit form for the first variation of A in the case of Ai-bounding contours, and shows that, if this variation vanishes, then the harmonic surface defined by the boundary conditions is indeed minimal.
Topological methods in the theory of a complex variable.
In the middle forties Marston Morse and Maurice Heins collaborated in a series of papers on the before-mentioned subject. Their aim was two-fold. On the one hand they generalized many theorems from the classical theory of one complex variable to the domain of light interior maps of one Riemann surface to another. Thus they often found topological proofs of topological properties of holomorphic mappings. At the same time they also discovered some remarkable new properties of such mappings, and I would like to describe one of these here. For a more complete survey of their collaboration the reader is referred to Morse's own account [64] .
Consider the space M a of all meromorphic maps ƒ: D -» S 2 of the disc, \z\ < 1, into the Gauss Sphere subject to the boundary condition (a): ƒ has a prescribed number of zeros, poles and branch-points of prescribed multiplicity at prescribed points of D.
Morse and Heins ask for the components, ir 0 (M a ), of M a ; or, put differently, for the deformation classes of such maps. They then go on to solve this question by constructing a complete set of invariants "J a " characterizing these components. When the multiplicities of all the zeros a 0 ,..., a k9 and the poles a k + v ..., a n y and the branch-points b x> ..., 4> of a are taken to be 1 the cardinality of the {/ a } is w, and the invariants /«(ƒ) can be computed for a map ƒ G M a by the following recipe: One first selects regular arcs A, joining a 0 to a i9 i = 1,..., n 9 which, except for their endpoints, lie in the complement of the a 9 s and b 9 s of a. It follows that the ƒ(/*,) are regular arcs on S 2 which are either closed curves containing the origin, or joining 0 to oo on S 2 . The recipe for /j(/)-in the first case for instance-is as follows /"'(ƒ) = A± arg kHz) -A± arg h t {z) -A^ arg Ç(z) (6.1) where A denotes the algebraic change as z moves on h i9 and C é (z) is given by
The 6's here denote the location of the branch-points of/, and the virtue of the last term is that it makes 7j(f) independent of the choice of A, joining a 0 to a t .
In the light interior category the same result holds; however there the derivative h[(z) is replaced by a sufficiently short chord. In an earlier paper [61], the authors had already generalized the Whitney theory of regular curves to the domain of locally simple ones, and this classification plays an important role throughout their work.
It seems to me that their result fits into the general framework of the Morse Theory in a way which is not made explicit in their papers, and which would be of contemporary interest. My question is the following one. Recall that any ƒ G M a is an immersion at all points other than the branch-points, so that its differential df, defines a bundle map _Hie Morse-Heins results seem to be equivalent to the assertion that M a and M a have the "same" components-and so the conjecture which comes to mind is that the inclusion (6.2) is a homotopy equivalence. Similar questions seem to be of interest at this time not only to physicists but also to workers in control theory.
Integral representations.
The very active collaboration of Morse and Transue extended over a period of 10 years or so, starting in 1949. Altogether they produced over 20 papers of considerable complexity, all dealing in one form or another with an extension to bilinear forms of the Riesz representation theorem where the integrals are taken in the Stieltjes sense. The original motivation seems to have come from the quadratic form which describes the second variation of an extremal, but I think it is fair to say that after the initial impetus Morse's and Transue's interests became aroused and they explored this territory for its own sake.
The starting point of this work is a (1915) representation theorem for bilinear functions on C X C due to Fréchet which introduces the notion of Thus in particular they show that on such a surface any pseudo-harmonic function can be made harmonic by a change of the conformai structure.
Recall here that pseudo-harmonic means "harmonic after a suitable homeomorphism" so that the topological properties of harmonic functions automatically carry over to pseudo-harmonic ones. In this context V is a pseudo-conjugate to U if there is a homeomorphism of the domain of these functions <p such that (U + iV) ° <p is analytic.
The work of Morse and Jenkins extending over the early fifties is devoted to exploring the "order" in the "complexity" mentioned in their "Fundamenta" paper. After essentially setting the simply connected case, where they extended and completed earher work of Kaplan, Boothby and others, they go on in [94] to discuss these problems on doubly connected surfaces. In particular they there give a very complete analysis of the structure of the level sets of a pseudo-harmonic function. . This theorem will also serve to introduce us to the ideas of Thorn and Smale of the fifties.
The situation envisaged here is that of a nondegenerate function ƒ on a compact manifold M. Let the necessarily finite number of critical points of ƒ be denoted by Cr(ƒ) and consider the complement M = M -Cr(ƒ).
Once a Riemann structure ( , ) is selected on M 9 the differential of ƒ uniquely specifies a vector field X = df, the gradient off, by the formula y/=(z, y).
This vector field therefore points orthogonally to the level surfaces of ƒ at each point of M and is nonvanishing on M.
It follows now that the trajectories of X on Af, i.e. the maximal integral manifolds, / of X, will be diffeomorphic to the open interval (0, 1), and their closures will be curves on M joining two critical points off at distinct/-levels. These are referred to as the lower and upper endpoints of /. Now let/? be a critical point of M. Then Morse calls the point-set consisting of p and all points of trajectories of X with upper endpoint p, the "descending Bowl" of p, and denotes it by B~(p). Similarly the ascending Bowl, B + (p), is defined by replacing ƒ with -ƒ. A first step of the paper under discussion is the theorem that
A Bowl B~{p) is diffeomorphic to R k with k the index \(p) of p.
Thus the Bowls define two decompositions of M into disjoint cells:
REMARKS. The terminology and treatment of this cell-decomposition is somewhat anachronistic. This cell-decomposition already appears in a C-R. Note of Thorn's in (1949) [T] . It also plays an essential role in Smale's work of the late 1950s, [SI] and his terminology of stable and unstable manifolds for B ± (p) is the generally accepted one. In my own recollection I heard Thorn discuss this decomposition in 1951 but its implications were largely lost on me and my contemporaries. Roughly we felt that the flow X became much too complicated "far" from the critical set to be of further use. And locally it, of course, had already been put to use in Theorems A and B. I still remember the surprise therefore when in the late 1950s Smale explained the next step in his program to me. Coming at the Morse Theory from his individual point of view he immediately realized that by perturbing the flow X a little-if necessary-it could be arranged that the two cell decompositions (9.1) and (9.2) be as transversal to each other as possible.
Note in this connection that as both B~ and B + are stable under our flow X, the intersection B~n B + of a descending Bowl from/? and an ascending Bowl from q, p ¥* q> consists of a family of trajectories of X. Hence the proper way of defining transversality is to demand that at any point p G B~n B + with f(p) = a, the intersections of B~ and B + with the level set M a * {ƒ * a} in M intersect transversally on M a .
These concepts are maybe best understood by studying the two examples of Figure 9 . 4 £-(3)=£ + (2) -#7^=r2r(2) ^r iT(2) FIGURE 9 On the left we are dealing with the gradient of the z-coordinate of a regular torus in R 3 . The flow it generates is not transversal, for instance B~(3) and B + (2) have no business intersecting at all. The right-hand picture is generic and there they do not.
Note also that B+(\) n B~(3) consists of the two trajectories B~(3) -(3). In his paper [139], Morse constructs a transversal decomposition of M according to a flow X in his own way and then in terms of it formulates and proves a criterion for the elimination of critical points. We still need one additional concept to make this criterion intelligible. Morse calls the "dome" For instance in the one-dimensional example of Figure 10 we see that the conditions are satisfied for B~(l) and B + (2) and it should also be clear how to eliminate the critical points 1 and 3. In the generic example of Figure 9 the theorem does not apply-indeed all the pertinent intersections consist of two trajectories. And of course none of these critical points are removable.
+ (3)nr(i)

FIGURE 10
Equipped with this elimination criterion Morse sets to work in this and subsequent work to fashion his version of the whole subject of differential topology. In particular this theorem leads quickly to a result he had established earlier in the difficult paper [113]. The assertion is that on every compact manifold M there exists a nondegenerate function with only one local minimum and one local maximum.
10. Concluding remarks. Alas, there remain many areas of Morse's work which are not accounted for in the previous sections. First of all, there is a wealth of material on the more technical aspects of the calculus of variations. These papers deal with such matters as sufficient conditions for the problem of Meyer and Lagrange under different boundary assumptions, theorems concerning envelopes of extremals, the analytic continuation of closed geodesies, etc. There are also papers on singular quadratic functionals e.g. Characteristically all of these deal with the relationship of mathematics to the arts and the practical world. Morse rejoiced in the affinity of mathematics to both, and his views were at once eloquent and optimistic. One meets in these articles a quality not easily gleaned from his purely mathematical writing; a quality which he really showed only to his closer friends and family. Let me conclude therefore with three quotes from these sources.
His And now listen to how he starts this address: "Mathematics is an art, and as an art chooses beauty and freedom. It is an aid to technology, but is not a part of technology. It is a handmaiden of the arts, but it is not for this reason an art. Mathematics is an art because its mode of discovery and its inner life are like those of the arts" (p. 16).
One needs first hand knowledge of all these three; the Arts, Mathematics and Freedom, to speak with such authority.
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